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AUGMENTED BASE LOCI AND RESTRICTED VOLUMES ON
NORMAL VARIETIES, II: THE CASE OF REAL DIVISORS
ANGELO FELICE LOPEZ*
Abstract. Let X be a normal projective variety defined over an algebraically closed field
and let Z be a subvariety. Let D be an R-Cartier R-divisor on X. Given an expression
(∗) D ∼R t1H1 + . . .+ tsHs with ti ∈ R and Hi very ample, we define the (∗)-restricted
volume of D to Z and we show that it coincides with the usual restricted volume when
Z 6⊆ B+(D). Then, using some recent results of Birkar [Bir], we generalize to R-divisors
the two main results of [BCL]: The first, proved for smooth complex projective varieties
by Ein, Lazarsfeld, Mustat¸a˘, Nakamaye and Popa, is the characterization of B+(D) as
the union of subvarieties on which the (∗)-restricted volume vanishes; the second is that
X − B+(D) is the largest open subset on which the Kodaira map defined by large and
divisible (∗)-multiples of D is an isomorphism.
1. Introduction
Let X be a projective variety and let D be an R-Cartier R-divisor on X. After their
introduction in [N, ELMNP1], the stable base loci of D have gained substantial importance
in the study of the birational geometry of X, see for example [T, HM, BDPP, BCHM], to
mention only a few. Let us recall here their definitions.
Definition 1.1. The stable base locus of D is
B(D) =
⋂
E≥0:E∼RD
Supp(E).
The augmented base locus of D is
B+(D) =
⋂
E≥0:D−E
is ample
Supp(E)
where E is an R-Cartier R-divisor.
Since B+(D) measures the failure of D to be ample, it is clearly a key tool in several
instances. On the other hand it is often not so easy to identify. To this end an important
result of Ein, Lazarsfeld, Mustat¸a˘, Nakamaye, and Popa [ELMNP2, Thm. C] comes to help,
at least when X is complex and smooth:
B+(D) =
⋃
Z⊆X:
volX|Z (D)=0
Z
where, given a subvariety Z ⊆ X of dimension d > 0, when D is Cartier (whence also when
it is a Q-Cartier Q-divisor), one defines the restricted linear series H0(X|Z,mD) to be the
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image of the restriction map H0(X,mD)→ H0(Z,mD|Z) and the restricted volume as
volX|Z(D) = lim sup
m→+∞
h0(X|Z,mD)
md/d!
.
One of the deep parts of [ELMNP2] is then to prove the strong continuity result that, if Z
is an irreducible component of B+(D), then lim
D′→D
volX|Z(D
′) = 0, where D′ is a Q-Cartier
Q-divisor whose class goes to the class of D [ELMNP2, Thm. 5.7].
In [BCL, Thm. B] we generalized [ELMNP2, Thm. C] to any normal projective variety
defined over an arbitrary algebraically closed field, but for Q-Cartier Q-divisors D. This
was achieved, in part, by outlining the importance of the behavior on Z of the maps
Φm : X 99K PH
0(X,mD) associated to mD.
Now, when D is an R-Cartier R-divisor, several difficulties arise, as for example one
does not have neither the linear series |mD|, nor the associated maps nor, in general, the
restricted volume. Of course one could use the integer part, but, at least for this type of
problems, this does not appear to be the right choice (see also Section 2).
On the other hand, in a recent article of Birkar, a different approach was taken, and this
proved quite successful, since it allowed him to generalize Nakamaye’s theorem ([N, Thm.
0.3], [Laz, §10.3]) to nef R-Cartier R-divisors on arbitrary projective schemes over a field
[Bir, Thm. 1.3].
Definition 1.2. Let X be a projective variety and let D be an R-Cartier R-divisor on X.
We can write
(∗) D ∼R t1H1 + . . .+ tsHs
where, for 1 ≤ i ≤ s, Hi is a very ample Cartier divisor on X and ti ∈ R. For m ∈ N we
set
〈mD〉 = ⌊mt1⌋H1 + . . . + ⌊mts⌋Hs
and
Φ〈mD〉 : X 99K PH
0(X, 〈mD〉).
It is clear that both H0(X, 〈mD〉) and Φ〈mD〉 depend on the expression (∗). On the other
hand, as proved by Birkar, several facts about D are in fact independent on (∗), such as for
example that D is big if and only if the upper growth of h0(X, 〈mD〉) is like mdimX [Bir,
Lemma 4.2] (see also Lemma 3.2(i)) or that B+(D) =
⋂
m∈N
B(〈mD〉 −A) can be defined as
is done for Cartier divisors [Bir, Lemma 3.1].
Continuing on this vein, we propose an analogous definition for the restricted volume
Definition 1.3. Let X be a projective variety and let D be an R-Cartier R-divisor on X
with an espression (∗) as in Definition 1.2. Let Z ⊆ X be a subvariety of dimension d > 0.
We set
volX|Z(D, (∗)) = lim sup
m→+∞
h0(X|Z, 〈mD〉)
md/d!
.
and for the stable base locus
Definition 1.4. Let X be a projective variety and let D be an R-Cartier R-divisor on X
and fix an espression (∗) as in Definition 1.2. We set
B(D, (∗)) =
⋂
m∈N+
Bs |〈mD〉|.
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As we will see in Proposition 2.8, while in general volX|Z(D, (∗)) does depend on (∗), in
the important case of Z 6⊆ B+(D), it is independent on (∗) and coincides with the usual
volX|Z(D).
Our point is that this definition of restricted volume allows to generalize, to any R-Cartier
R-divisor, the main results of [BCL].
First, the description of the complement of B+(D) in terms of the maps Φ〈mD〉
Theorem 1.
Let D be a big R-Cartier R-divisor on a normal projective variety X defined over an alge-
braically closed field and fix an espression (∗) as in Definition 1.2. Then the complement
X−B+(D) of the augmented base locus is the largest Zariski open subset U ⊆ X−B(D, (∗))
such that, for all large and divisible m, the restriction of the morphism Φ〈mD〉 to U is an
isomorphism onto its image.
Second, the description of B+(D) in terms of restricted volume
Theorem 2.
Let D be an R-Cartier R-divisor on a normal projective variety X defined over an alge-
braically closed field and fix an espression (∗) as in Definition 1.2. For every irreducible
component Z of B+(D) we have volX|Z(D, (∗)) = 0, and hence
B+(D) =
⋃
Z⊆X:
volX|Z (D,(∗))=0
Z
2. Volume and restricted volume of real divisors
Throughout the paper we work over an arbitrary algebraically closed field k. An algebraic
variety is by definition an integral separated scheme of finite type over k.
We set N+ = {n ∈ N : n > 0} and, given x ∈ R, {x} = x− ⌊x⌋.
We will often use the following fact, proved in [Bir, Thm. 1.3]. Birkar’s theorem is
deeper, as it proves Nakamaye’s theorem ([N, Thm. 0.3], [Laz, §10.3]) on arbitrary projective
schemes over a field (not necessarily algebraically closed), namely that, if D is nef, then
B+(D) coincides with the exceptional locus of D. On the other hand, for the part of [Bir,
Thm. 1.3] that we use, in the proof given in [Bir], the nefness of D is not needed.
Theorem 2.1. Let X be a projective scheme over a field and let D be an R-Cartier R-
divisor on X with an espression (∗) as in Definition 1.2. Let H be a very ample Cartier
divisor on X. Then there exists m0 ∈ N
+ such that B+(D) = B(〈km0D〉 − H) =
Bs |〈km0D〉 −H| for all k ∈ N
+.
LetX be a projective variety and letD be an R-Cartier R-divisor onX with an espression
(∗) as in Definition 1.2. We start by defining a graded ring associated to D and (∗).
Remark 2.2. For a, b ∈ N+, ti ∈ R, 1 ≤ i ≤ s, set γi(a, b) = ⌊(a + b)ti⌋ − ⌊ati⌋ − ⌊bti⌋.
Then
(i) γi(a, b) = 0, 1 for all i, a, b;
(ii) γi(a, b) + γi(a+ b, c) = γi(a, b+ c) + γi(b, c) for all i, a, b, c;
(iii) 〈(a+ b)D〉 = 〈aD〉+ 〈bD〉+
s∑
i=1
γi(a, b)Hi.
By (iii), choosing some divisors Ei ∈ |Hi|, we get a multiplication map
(1) H0(X, 〈aD〉) ⊗H0(X, 〈bD〉) → H0(X, 〈(a + b)D〉)
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and by (ii) this gives rise to a ring and to a semigroup.
Definition 2.3. Let X be a projective variety and let D be an R-Cartier R-divisor on X
with an espression (∗) as in Definition 1.2. Let Ei ∈ |Hi| for 1 ≤ i ≤ s. The associated
graded ring is
R(X,D, (∗)) =
⊕
m∈N
H0(X, 〈mD〉)
and the associated semigroup is
N(X,D, (∗)) = {m ∈ N : H0(X, 〈mD〉) 6= 0}.
Let Z ⊆ X be a subvariety and pick Ei ∈ |Hi| so that Z 6⊆ Supp(Ei) for all i. We define
H0(X|Z, 〈mD〉) = Im{H0(X, 〈mD〉) → H0(Z, 〈mD〉|Z)},
R(X|Z,D, (∗)) =
⊕
m∈N
H0(X|Z, 〈mD〉)
and
N(X|Z,D, (∗)) = {m ∈ N : H0(X|Z, 〈mD〉) 6= 0}.
Remark 2.4. Note that N(X|Z,D, (∗)) and R(X|Z,D, (∗)) depend on (∗). For example
let H be a very ample Cartier divisor on X and let Hi ∈ |H|, i = 1, 2 with H1 6= H2.
Let α ∈ R − Q and let D = αH1 − αH2. If we use this expression as (∗) we get, for
every m ∈ N+, 〈mD〉 = ⌊mα⌋H1 + ⌊−mα⌋H2 ∼Z −H, whence N(X,D, (∗)) = {0} and
R(X,D, (∗)) = C. But if we use as (∗) the expression D ∼R 0H1 + 0H2 we get 〈mD〉 = 0
and then N(X,D, (∗)) = N and R(X,D, (∗)) =
⊕
m∈N C.
Remark 2.5. Let σ0, . . . , σr ∈ H
0(X, 〈aD〉) for some a ∈ N+. It is easy to prove that if
σi00 · . . . · σ
ir
r is a homogeneous product of degree d in H
0(X, 〈daD〉) as in (1), then
σi00 · . . . · σ
ir
r = σ
i0
0 . . . σ
ir
r
s∏
i=1
ε
⌊dati⌋−d⌊ati⌋
i
where εi ∈ H
0(X,Hi) is the section defining Ei and the product on the right hand side is
the usual product of sections of line bundles.
Since we have a graded ring structure on R(X|Z,D, (∗)), it follows that the associated
volume function is homogeneous of degree dimZ. For completeness, we give a proof of this
fact, in analogy with [DP, Lemma 3.2].
Lemma 2.6. Let D be an R-Cartier R-divisor on a projective variety X of dimension n
and fix an espression (∗) as in Definition 1.2. Let Z ⊆ X be a subvariety of dimension
d > 0. Then volX|Z(D, (∗)) is homogeneous of degree d, that is, for every p ∈ N
+,
(i) lim sup
m→+∞
h0(X,〈mD〉)
mn/n! = lim sup
m→+∞
h0(X,〈pmD〉)
(pm)n/n! ;
(ii) lim sup
m→+∞
h0(X|Z,〈mD〉)
md/d!
= lim sup
m→+∞
h0(X|Z,〈pmD〉)
(pm)d/d!
.
Proof. Since (i) is just the case Z = X of (ii), let us prove (ii). We can assume that
N(X|Z,D, (∗)) 6= {0}. Let e = e(N(X|Z,D, (∗))) be the exponent of N(X|Z,D, (∗)).
Then there is r0 ∈ N
+ such that for every r ≥ r0 we have that er ∈ N(X|Z,D, (∗)) and
moreover for every m ∈ N(X|Z,D, (∗)) we have that e|m. Then
(2) lim sup
m→+∞
h0(X|Z, 〈mD〉)
md/d!
= lim sup
k→+∞
h0(X|Z, 〈ekD〉)
(ek)d/d!
.
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Now let b = l.c.m.{e, p} so that e = vb, p = ab with l.c.m.{v, a} = 1. If pm ∈ N(X|Z,D, (∗))
then e|pm, whence pm = eak for some k ∈ N+ and therefore
(3) lim sup
m→+∞
h0(X|Z, 〈pmD〉)
(pm)d/d!
= lim sup
k→+∞
h0(X|Z, 〈eakD〉)
(eak)d/d!
.
Let r ∈ N+ be such that r0 ≤ r ≤ r0 + a. Then we can find Dr ∈ |〈erD〉| such that Z 6⊆
Supp(Dr) and, for every q ∈ N
+ such that qa−(r0+a) ≥ r0, we can findD
′
r ∈ |〈e(qa−r)D〉|
such that Z 6⊆ Supp(D′r). By Remark 2.2(iii) we deduce that, for every k ∈ N
+,
h0(X|Z, 〈eakD〉) ≤ h0(X|Z, 〈e(ka + r)D〉) ≤ h0(X|Z, 〈e(k + q)aD〉).
Now exactly as in the proof of [Laz, Lemma 2.2.38] we get that
lim sup
k→+∞
h0(X|Z, 〈ekD〉)
(ek)d/d!
= lim sup
k→+∞
h0(X|Z, 〈eakD〉)
(eak)d/d!
whence (ii) by (2) and (3). 
Let D be an R-Cartier R-divisor on a projective variety X and let Z ⊆ X be a subvariety
of dimension d > 0. How to define volX|Z(D)? When Z 6⊆ B+(D) this is done in [ELMNP2],
as follows. Consider the cone BigZ(X)+Q of divisor classes ξ ∈ N
1(X)Q such that Z 6⊆ B+(ξ).
By [ELMNP2, Thm. A] volX|Z is defined on Big
Z(X)+Q and extends uniquely to a continuous
function on BigZ(X)+R . On the other hand if Z ⊆ B+(D) several problems arise, perhaps
the most important one being the loss of continuity, as there exist examples [ELMNP2, Ex.
5.10] of Q-Cartier Q-divisors Di such that lim
i→∞
Di = D but volX|Z(D) 6= lim
i→∞
volX|Z(Di).
One possibility to go around this problem is to define, as in [Leh, Def. 2.12], volX|Z using
the integer parts, that is
volX|Z(D) = lim sup
m→+∞
h0(X|Z, ⌊mD⌋)
md/d!
.
We want to point out here that this definition does not agree with volX|Z(D, (∗)), and, even
more, it can happen that one is zero and the other one is not, as in the following example.
Remark 2.7. ([ELMNP2, Ex. 5.10]) Let R ⊂ P3 be a line and let pi : X → P3 be the
blowing up of R with exceptional divisor E. Let H be a plane in P3 not containing R and
let H˜ be its strict trasform on X. Let α ∈ R+ − Q and D = αH˜. Let C be a curve of
type (2,1) on E ∼= P1 × P1. We claim that lim sup
m→+∞
h0(X|C,⌊mD⌋)
m = α while there exists an
expression (∗) as in Definition 1.2 such that volX|C(D, (∗)) = 0.
To see this first notice that, as in [ELMNP2, Ex. 5.10], we have that h0(X|C, ⌊mD⌋) =
h0(X|C, ⌊mα⌋H˜) = ⌊mα⌋+ 1 and therefore
lim sup
m→+∞
h0(X|C, ⌊mD⌋)
m
= α.
Now let A = aH˜ − E for a ≫ 0 so that A is ample and let s ≫ 0 be such that H2 := sA
and H1 := H˜ + sA are very ample. Then we have the expression
(∗) D = αH1 − αH2
as in Definition 1.2 and 〈mD〉 = ⌊mα⌋H˜ − H2 = (⌊mα⌋ − sa)H˜ + sE. But now either
Bs |〈mD〉| = X or Bs |〈mD〉| = E, so that, for all m ∈ N+ we have C ⊂ Bs |〈mD〉|, whence
h0(X|C, 〈mD〉) = 0 and volX|C(D, (∗)) = 0.
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This type of phenomenon does not happen when Z 6⊆ B+(D):
Proposition 2.8. Let D be an R-Cartier R-divisor on a projective variety X of dimension
n and fix an espression (∗) as in Definition 1.2. Then
(i) vol(D) = lim sup
m→+∞
h0(X,〈mD〉)
mn/n! ;
(ii) For every subvariety Z ⊆ X of dimension d > 0 such that Z 6⊆ B+(D) we have
volX|Z(D) = volX|Z(D, (∗)).
Proof. For 1 ≤ i ≤ s let qil, q
′
il, l ∈ N
+ be two sequences of rational numbers such that
qil ≤ ti, q
′
il ≥ ti for all l and lim
l→+∞
qil = lim
l→+∞
q′il = ti. Set Dl =
s∑
i=1
qilHi,D
′
l =
s∑
i=1
q′ilHi, so
that Dl and D
′
l converge to D in N
1(X)R. Pick Ei ∈ |Hi|. Then, for every m ∈ N
+, we
have
〈mDl〉 =
s∑
i=1
⌊mqil⌋Hi ∼Z
s∑
i=1
⌊mqil⌋Ei ≤
s∑
i=1
⌊mti⌋Ei ∼Z
s∑
i=1
⌊mti⌋Hi = 〈mD〉
and similarly
〈mD〉 ∼Z
s∑
i=1
⌊mti⌋Ei ≤
s∑
i=1
⌊mq′il⌋Ei ∼Z 〈mD
′
l〉
so that
h0(X, 〈mDl〉) ≤ h
0(X, 〈mD〉) ≤ h0(X, 〈mD′l〉).
Let pl, p
′
l ∈ N
+ be such that plDl and p
′
lD
′
l are Cartier. Note that mplDl = 〈mplDl〉 and
mp′lD
′
l = 〈mp
′
lD
′
l〉. Then Lemma 2.6(i) gives
vol(Dl) =
1
pnl
vol(plDl) = lim sup
m→+∞
h0(X, 〈mplDl〉)
(mpl)n/n!
= lim sup
m→+∞
h0(X, 〈mDl〉)
mn/n!
≤
≤ lim sup
m→+∞
h0(X, 〈mD〉)
mn/n!
≤ lim sup
m→+∞
h0(X, 〈mD′l〉)
mn/n!
= lim sup
m→+∞
h0(X, 〈mp′lD
′
l〉)
(mp′l)
n/n!
=
=
1
(p′l)
n
vol(p′lD
′
l) = vol(D
′
l)
By [Laz, Cor. 2.2.45] we get that
vol(D) = lim
l→+∞
vol(Dl) ≤ lim sup
m→+∞
h0(X, 〈mD〉)
mn/n!
≤ lim
l→+∞
vol(D′l) = vol(D)
and this proves (i). To see (ii) we follow the above proof but now choose Ei ∈ |Hi| such
that Z 6⊆ Supp(Ei) for all i. Then, for m ∈ N
+, it follows as above that
h0(X|Z, 〈mDl〉) ≤ h
0(X|Z, 〈mD〉) ≤ h0(X|Z, 〈mD′l〉)
and Lemma 2.6(ii) gives
volX|Z(Dl) ≤ volX|Z(D, (∗)) ≤ volX|Z(D
′
l).
By [ELMNP2, Thm. 5.2(a)] (we note that the proof works on any a projective variety
defined over an algebraically closed field) we get as above that
volX|Z(D) = lim
l→+∞
volX|Z(Dl) ≤ volX|Z(D, (∗)) ≤ lim
l→+∞
volX|Z(D
′
l) = volX|Z(D)
and this proves (ii). 
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3. Stable and augmented base loci
LetX be a projective variety and letD be an R-Cartier R-divisor onX with an espression
(∗) as in Definition 1.2. We will study stable and augmented base loci associated to D in
terms of (∗), in particular B(D, (∗)) (see Definition 1.4).
Note that B(D, (∗)) depends on (∗). In fact in the example of Remark 2.4 we get
B(D, (∗)) = X when we use D = αH1 − αH2 and B(D, (∗)) = ∅ when we use D ∼R
0H1 + 0H2.
Nevertheless this stable base locus is in between B(D) and B+(D).
Lemma 3.1. Let D be an R-Cartier R-divisor on a projective variety X and fix an espres-
sion (∗) as in Definition 1.2. Then
(i) there exists m0 ∈ N
+ such that B(D, (∗)) = Bs |〈km0D〉| for all k ∈ N
+;
(ii) B(D) ⊆ B(D, (∗)) ⊆ B+(D);
(iii) there exists m1 ∈ N
+ such that B+(D) = B+(〈km1D〉) for all k ∈ N
+.
Proof. To see (i), as in the case of the stable base locus of a Cartier divisor [Laz, Prop.
2.1.21], it is enough to notice that, by Remark 2.2(iii), it follows that Bs |〈lmD〉| ⊆
Bs |〈mD〉|, for every m, l ∈ N+. As for the first inclusion in (ii), let x ∈ B(D), let E ∈
|〈mD〉| and let Ei ∈ |Hi| such that x 6∈ Supp(Ei) for all i. Then F :=
1
m(E+
s∑
i=1
{mti}Ei) ∼R
1
m
s∑
i=1
mtiHi ∼R D and F ≥ 0, whence x ∈ Supp(F ) and then x ∈ Supp(E). Therefore
x ∈ Bs |〈mD〉|.
Now let H be a very ample Cartier divisor on X. By Theorem 2.1 there exists m1 ∈ N
+
such that B+(D) = B(〈km1D〉 − H) = Bs |〈km1D〉 − H| for all k ∈ N
+. Hence by (i)
there is m2 ∈ N
+ such that B(D, (∗)) = Bs |〈m2D〉| and B+(D) = Bs |〈m2D〉−H|, whence
B(D, (∗)) ⊆ B+(D). Finally note that km1D−〈km1D〉 ∼R
s∑
i=1
{km1ti}Hi is zero or ample,
whence
B+(D) = B+(km1D) ⊆ B+(〈km1D〉) ⊆ B(〈km1D〉 −H) = B+(D)
and this gives (iii). 
Note that (iii) above is not needed in the sequel. We just put as it could be useful to
know.
We now consider the behavior of the maps associated to D and (∗).
Lemma 3.2. Let D be an R-Cartier R-divisor on a projective variety X and fix an espres-
sion (∗) as in Definition 1.2. Then
(i) D is big if and only if there exists m0 ∈ N
+ such that Φ〈mD〉 : X 99K PH
0(X, 〈mD〉)
is birational onto its image for every m ≥ m0.
(ii) Assume that D is big. For every m ∈ N+ such that Φ〈mD〉 is birational onto its
image, let Um(∗) ⊆ X −B(D, (∗)) be the largest open subset on which Φ〈mD〉 is an
isomorphism. Then the set {Um(∗)} has a unique maximal element UD(∗), that is
there exists m0 ∈ N
+ such that UD(∗) = Ukm0(∗) for all k ∈ N
+.
Proof. To see (i) assume that D is big and let A be a sufficiently ample Cartier divisor
such that A+ 〈D〉 is globally generated. By Theorem 2.1 there exists m1 ∈ N
+ such that
B+(D) = Bs |〈m1D〉 −A|, so that there is E ∈ |〈m1D〉 − A|. Then 〈m1D〉 ∼Z A+ E and
therefore m1 ∈ N(X,D, (∗)). By Remark 2.2(iii) there is an effective Cartier divisor F on
X such that 〈(m1+1)D〉 ∼Z 〈m1D〉+〈D〉+F . Hence 〈(m1+1)D〉 ∼Z A+〈D〉+E+F and
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therefore m1 + 1 ∈ N(X,D, (∗)). Then N(X,D, (∗)) has exponent 1 and there is r0 ∈ N
+
such that H0(X, 〈rD〉) 6= 0 for every r ≥ r0. Now for every m ≥ m0 := m1 + r0, we
get, by Remark 2.2(iii), that we can write 〈mD〉 ∼Z 〈m1D〉 + 〈(m −m1)D〉 + H with H
zero or very ample. Hence 〈mD〉 ∼Z A + E + E
′ + H for some effective Cartier divisor
E′ and therefore Φ〈mD〉 is an isomorphism over X − Supp(E ∪ E
′). On the other hand
if Φ〈mD〉 is birational onto its image for some m, then 〈mD〉 is big and so is D since
mD ∼R 〈mD〉+
∑s
i=1{mti}Hi.
To see (ii) note that, for all m ∈ N+ such that Φ〈mD〉 is birational onto its image and
for all k ∈ N+, we have by Remark 2.2(iii) that also Φ〈kmD〉 is birational onto its image,
whence Um(∗) ⊆ Ukm(∗). If Ym(∗) = X − Um(∗) we then have Ym(∗) ⊇ Ykm(∗) for all
k ∈ N+, whence there is a unique minimal element Ym0(∗) = Ykm0(∗) for all k ∈ N
+ and
therefore a unique maximal element UD(∗) = Ukm0(∗) for all k ∈ N
+. 
As a matter of fact we will prove below that UD(∗) is independent of (∗).
4. Proof of the main theorems
We follow the proofs in [BCL].
4.1. Proof of Theorem 1.
Proof. Let H be a very ample Cartier divisor on X. By Theorem 2.1 there exists m1 ∈ N
+
such that B+(D) = Bs |〈km1D〉 −H| for all k ∈ N
+. It follows that |〈km1D〉 −H| is base-
point free on X −B+(D) for all k ∈ N
+, which implies that Φ〈km1D〉 is an isomorphism on
X −B+(D). Set Um = Um(∗) and UD = UD(∗) (cfr. Lemma 3.2(ii)). By Lemmas 3.1(ii)
and 3.2(ii) we get that X −B+(D) ⊆ UD.
Conversely, by Lemmas 3.1(i) and 3.2(ii), there is an m0 ∈ N
+ such that B(D, (∗)) =
Bs |〈km0D〉| and UD = Ukm0 for every k ∈ N
+. Setm = km0 and consider the commutative
diagram
(4) Xm
µm

fm
// Ym
νm

X
Φ〈mD〉
//❴❴❴❴ Φ〈mD〉(X)
where µm is the normalized blow-up of X along the base ideal of |〈mD〉|, νm is the nor-
malization of Φ〈mD〉(X), and fm : Xm → Ym is the induced birational morphism between
normal projective varieties. By construction, we have a decomposition
µ∗m(〈mD〉) = f
∗
mAm + Fm
where Am is an ample line bundle on Ym and Fm is an effective divisor with
Supp(Fm) = µ
−1
m (B(D, (∗))) .
Now Φ〈mD〉 is an isomorphism on Um, whence, by (4), νm ◦ fm is an isomorphism on
µ−1m (Um) since µm is an isomorphism over X −B(D, (∗)), and it follows that
(5) µ−1m (Um) ⊆ Xm − (Exc(fm) ∪ Supp(Fm)) .
Since µm(Exc(µm)) ⊆ B(D, (∗)) ⊆ B+(D), by Lemma 3.1(ii), using [BBP, Prop. 2.3]
(which holds over any algebraically closed field) we get
B+(µ
∗
mD) = µ
−1
m (B+(D)).
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Now let Gm =
s∑
i=1
{mti}Hi, so that Gm is zero or ample and mD ∼R 〈mD〉+Gm. Let
Vm =
{
∅ if Gm = 0
B+(µ
∗
mGm) if Gm is ample
.
By [BBP, Prop. 2.3] we get that, if Gm is ample, then Vm ⊆ Exc(µm) ⊆ Supp(Fm).
Therefore, by the numerical invariance of B+(D) [ELMNP1, Prop. 1.4], we get
B+(µ
∗
mD) = B+(µ
∗
m(mD)) = B+(µ
∗
m(〈mD〉) + µ
∗
mGm) = B+(f
∗
mAm + Fm + µ
∗
mGm) ⊆
⊆ B+(f
∗
mAm + Fm) ∪ Vm ⊆ B+(f
∗
mAm) ∪ Supp(Fm).
Another application of [BBP, Prop. 2.3] gives
B+(f
∗
mAm) ∪ Supp(Fm) ⊆ Exc(fm) ∪ Supp(Fm),
so that
(6) µ−1m (B+(D)) ⊆ Exc(fm) ∪ Supp(Fm)
and, thanks to (5), we conclude as desired that Um ⊆ X −B+(D). 
4.2. Proof of Theorem 2.
Proof. If D is not big Theorem 2 follows by Proposition 2.8(i).
Now assume that D is big. We use the notation in the previous subsection.
Let Z be an irreducible component of B+(D), let d = dimZ, so that necessarily d > 0
by [ELMNP2, Prop. 1.1] (which relies on a result of [Z] valid for normal varieties over any
algebraically closed field). If Z ⊆ B(D, (∗)) then obviously H0(X|Z, 〈lD〉) = 0 for every
l ∈ N+ and therefore volX|Z(D, (∗)) = 0.
We may thus assume that Z 6⊆ B(D, (∗)). The proof of Theorem 1 gives, by (5) and (6),
that, for all m = km0,
µ−1m (B+(D)) = µ
−1
m (X − Um) = Exc(fm) ∪ Supp(Fm)
so that the strict transform Zm of Z on Xm is an irreducible component of Exc(fm). Since
fm is a birational morphism between normal varieties, it follows that dim fm(Zm) < dimZ,
whence, by (4), also that
dimΦ〈mD〉(Z) = dim(νm ◦ fm)(Zm) < d.
As in [BCL, Proof of Cor. 2.5] we have Φ〈mD〉(Z) = ΦWm(Z), whereWm = H
0(X|Z, 〈mD〉).
Hence, setting κ = κ(R(X|Z,D, (∗)) := tr.deg(R(X|Z,D, (∗)) − 1 we see, as in [BCL,
Lemma 2.3] (here we use Remark 2.5 - see [Bou, Lemma 3.14]), that κ < d. Now, as in
[BCL, Prop. 2.1] (using also [Bir, Lemma 4.1]), we get that there exists C > 0 such that
h0(X|Z, 〈lD〉) ≤ Clκ for every l ∈ N+ and therefore volX|Z(D, (∗)) = 0.
It remains to prove that, if Z ⊆ X is a subvariety of dimension d > 0 such that Z 6⊆
B+(D), then volX|Z(D, (∗)) > 0. Since B+(D) = Bs |〈m1D〉−H| there is E ∈ |〈m1D〉−H|
such that Z 6⊆ Supp(E). Let l0 ∈ N
+ be such that H1(X,IZ(lH)) = 0 for every l ≥ l0, so
that the commutative diagram
H0(X, lH)
 _

// // H0(Z, lH|Z)
 _

H0(X, l〈m1D〉) // H
0(Z, l〈m1D〉|Z)
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shows that h0(X|Z, l〈m1D〉) ≥ h
0(Z, lH|Z) ≥ Cl
d for some C > 0. By Remark 2.2(iii) we
have that h0(X|Z, 〈lm1D〉) ≥ h
0(X|Z, l〈m1D〉) and we conclude by Lemma 2.6(ii). 
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